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1 ℄Y

Boccardo O Orsina �℄ [2] &{���~g&�k;!$Z<9N[i"��n6, ��
�AÆ�"��, Æyu
�NC f ?� Marcinkiewicz ~g6�'Z<9N[i"��n.

Boccardo O Orsina {�
a�l9"Z<9N
J (v) =

∫

Ω

a(x, v)j(∇v)dx −

∫

Ω

fvdx, v ∈W
1,p
0 (Ω), (1.1)�� Ω ; R

n (n ≥ 2) &"Æpz-\, 1 < p < n, �NC f �2
f ∈ Lr(Ω), r ≥ (p∗)′, (1.2)�� p∗ = np

n−p
[ p" Sobolev"C, (p∗)′ = np

np−n+p
[ p∗ " HölderE6"C, a(x, s) : Ω×R →

R [ CarathéodoryNC (_ a(x, s) 1LÆ" s ∈ R G� x}�, 1`VLÆ" x ∈ Ω G� s 
r), 8!1`VLÆ" x ∈ Ω OLÆ" s ∈ R, Æ
a(x, s) =

β1

(b(x) + |s|)αp
, (1.3)�� β1 > 0,

0 < α <
1

p′
, (1.4)

b(x) ; Ω &�2aÆRj"}�NC: 1`VLÆ" x ∈ Ω,

0 < β2 ≤ b(x) ≤ β3 < +∞. (1.5)�Y, j : R
n → R [UNC, �2 j(0) = 0, "�� β4, β5 > 0, 8!1*� ξ ∈ R

n, Æ
β4|ξ|

p ≤ j(ξ) ≤ β5(1 + |ξ|p). (1.6)K(� f �2 (1.2) 6Z<9N (1.1) Æ��, � J (v) ���~g W
1,p
0 (Ω) &;�!$", _��NC f �℄qÆ {un}, � {un} � W

1,p
0 (Ω) &"8C$h� +∞ 6, J (un) $h� −∞, i℄ [2, �3.3]. ����	� Weierstrass -� (i,* [1, -�9.1]), ~_Z<9N

J � W
1,p
0 (Ω) &}����[i. {� J "[i"�AHf:6;�~g W

1,p
0 (Ω) ��[

W
1,q
0 (Ω), �&

q =
np(1 − α)

n− αp
< p, (1.7)Æ-�

I (v) =

{

J (v), -L J (v) Æd,
+∞, =�. (1.8)NC u ∈W

1,q
0 (Ω) �[Z<9N (1.8) "[i, -L1LÆ" v ∈W

1,q
0 (Ω), Æ

I (u) ≤ I (v). (1.9)℄ [2, -�2.1] ! a�"nL: 3 f ?� Lr(Ω), r ≥ [p∗(1 − α)]′, �Z<9N I � W
1,q
0 (Ω)&!$"0a�
r. 
 Weierstrass -�, I � W

1,q
0 (Ω) ~g&��[i.a�B� Marcinkiewicz ~g M r(Ω) (r > 0) "-� (i,* [1, -�3.8]). M r(Ω) 
LÆ�2aÆRj"}�NC f : Ω → R 3�: ���C c > 0, 8!1*�" t > 0, Æ

|{x ∈ Ω : |f(x)| > t}| ≤
c

tr
. (1.10)
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f ∈M r(Ω) "8C-�-a:

‖f‖r
Mr(Ω) = inf{c > 0 : (1.10) �	}.a�"n%i,* [1, �P3.12O�P3.13]: / Ω xÆÆd�/, �1*�" r > 1 O*�"

0 < ε ≤ r − 1, Æ
Lr(Ω) ⊂M r(Ω) ⊂ Lr−ε(Ω). (1.11)/ f ∈M r(Ω), r > 1, �����C B = B(‖f‖Mr(Ω), r), 8!1*�}�\ E ⊂ Ω, Æ

∫

E

|f |dx ≤ B|E|1−
1
r . (1.12)�℄ [2] &, Boccardo O Orsina ! 
�

f ∈M r(Ω), [p∗(1 − α)]′ < r <
n

p
, (1.13)6 u O ∇u "��nn%. a�"�Pi℄ [2, -�6.3].MP 1.1 3 f ∈ M r(Ω), [p∗(1 − α)]′ < r < n

p
, � I "*�[i u ?� M s(Ω), �&

s = nr(p(1−α)−1)
n−rp

, Æ":

a) / ( p∗

1+αp
)′ < r < n

p
, � u ?� W

1,p
0 (Ω);

b) / [p∗(1 − α)]′ < r ≤ ( p∗

1+αp
)′, � |∇u| ?� Mρ(Ω), �& ρ = nr[p(1−α)−1]

n−r(1+αp) .g 1.2 � r > n
p
6, I "[i;Æp", i℄ [2, -�1.2].���P 1.1 ")}Cx;a�"a���, i℄ [2, ��6.1].\H 1.3 3 ψ : [0,+∞) → [0,+∞) [;�NC, "�2

ψ(h) ≤ c
kAψ(k)B + ψ(k)C

(h− k)D
, ∀h > k ≥ 0, (1.14)�� c [��C, A,B,C,D �2

A < D, C < B < 1,
D −A

1 −B
=

D

1 − C
, (1.15)��� k̄ ≥ 0, c̄ > 0, 8!

ψ(k) ≤ c̄k−
D−A
1−B = c̄k−

D
1−C , ∀ k ≥ k̄. (1.16)2B���t*" Stampacchia �� (i℄ [10, ��4.1]) SeJ, 4 Stampacchia ��#r+�p3Ctd7>	��yuX��Z<:�"0oOZ<9N[i"��n^P.X �P 1.1. 1 v ∈ W

1,q
0 (Ω), f ∈M r(Ω), r > [p∗(1−α)]′ = (q∗)′, 
 Sobolev  .-��&5AZ< ∫

Ω
fvdx Æ-�. �A.("^P;: � r = n

p
6, Z<9N I "[i;=xÆ��nn%? [
X��A^P, o}1�� 1.3 smVH.

2 ℄I 1.3 ;RA\H 2.1 3 c1, A,B,C,D [��C, A < D, k0 ≥ 0. 3 ψ : [k0,+∞) → [0,+∞) ;�, "1*�" h > k ≥ k0, Æ
ψ(h) ≤ c1

hAψ(k)B + ψ(k)C

(h− k)D
, (2.1)
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i) / k0 > 0, C < B < 1, D−A

1−B
= D

1−C
, �����C c̄1, 8!1*� k ≥ k0,

ψ(k) ≤ c̄1k
−D−A

1−B = c̄1k
− D

1−C ; (2.2)

ii) / B = C = 1, �1*� k ≥ k0, Æ
ψ(k) ≤ ψ(k0)e

1−( k−k0
τ )

D−A
D

, (2.3)�&
τ = max

{

k0 + 1,

(

2c1e2
(2D−A)A

D−A (D −A)D

DD

)
1

D−A

, (c1e2
1+A)

1
D−A

}

; (2.4)

iii) / B > C > 1, �
ψ(2L) = 0, (2.5)�&

L =max
{

1, 2k0, (c12
1+D(1 + ψ(k0))

B)
1

D−A ,

(c
C

C−1

1 (1 + ψ(k0))
B2

D+1+ A+D+1
C−1 + D

(C−1)2 )
C−1

(D−A)C
}

. (2.6)�� 2.1 " i) O�� 1.3 "%
; k0 �Q
 0, hA �Q
 kA. �Y, 2B��"�<Hf���℄ [2–6, 8, 9].��� 2.1 & iii) "��&k8�a�"��, M�.,* [7, ��7.1].\H 2.2 3 β,M, C̄, xi �2 β > 1, C̄ > 0, M > 1, xi ≥ 0, "
xi+1 ≤ C̄M ix

β
i , i = 0, 1, 2, . . . . (2.7)/ x0 ≤ C̄− 1

β−1M
− 1

(β−1)2 , � xi ≤M− i
β−1x0, i = 0, 1, 2, . . . , �; limi→+∞ xi = 0.\H 2.1 :dL

i) -�
λ =

D −A

1 −B
=

D

1 − C
, (2.8)

ρ(h) = hλψ(h). 
 (2.1) ! 
ρ(h) ≤ c1

hλ(hAψ(k)B + ψ(k)C)

(h− k)D
, ∀h > k ≥ k0.�2B�$9&& h = 2k, ! 1LÆ" k ≥ k0,

ρ(2k) ≤ c1
(2k)λ((2k)Aψ(k)B + ψ(k)C)

kD

≤ c1
2λ+A(kλ+Aψ(k)B + kλψ(k)C)

kD

= c1
2λ+A(kλ+A−λBρ(k)B + kλ−λCρ(k)C)

kD
.
 (2.8) & λ "-�}� λ+A− λB = D, λ− λC = D, �;2B�$9��1LÆ" k ≥ k0,

ρ(2k) ≤ c12
λ+A

(

ρ(k)B + ρ(k)C
)

. (2.9)_�0{, 1*��C n ≥ 0,

ρ(2nk0) ≤ c
1

1−B

1 2
λ+A+1
1−B (1 + ρ(k0))

Bn

(2.10)
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� 5�	. :72, n = 0 6 (2.10) b( (�5��n, }3 c1 ≥ 1, �; c
1

1−B

1 2
λ+A+1
1−B ≥ 1, 
�V�

n = 0 6 (2.10) �	). 3 (2.10) 1 n ∈ N �	, a�1 n smJ�. �[ C < B < 1, L�8�
k = k0 6" (2.9) 9, ! 

ρ(2k0) ≤ c12
λ+A(ρ(k0)

B + ρ(k0)
C) ≤ c12

λ+A+1(1 + ρ(k0))
B

≤ c
1

1−B

1 2
λ+A+1
1−B (1 + ρ(k0))

B .�� (2.9), (2.10) O2B�$9}!
ρ(2n+1k0) ≤ c12

λ+A(ρ(2nk0)
B + ρ(2nk0)

C)

≤ c12
λ+A

[

(c
1

1−B

1 2
λ+A+1
1−B (1 + ρ(k0))

Bn

)B + (c
1

1−B

1 2
λ+A+1
1−B (1 + ρ(k0))

Bn

)C
]

≤ c
1+ B

1−B

1 2λ+A
[

2
(λ+A+1)B

1−B (1 + ρ(k0))
Bn+1

+ 2
(λ+A+1)B

1−B (1 + ρ(k0))
Bn+1]

≤ c
1

1−B

1 2(λ+A+1)(1+ B
1−B

)(1 + ρ(k0))
Bn+1

= c
1

1−B

1 2
λ+A+1
1−B (1 + ρ(k0))

Bn+1

.�� (2.10) 1 n+ 1 �	. L� (2.10) 1�*�" n ≥ 0 �	.�[ B < 1, L�1 n ≥ 0, Æ (1 + ρ(k0))
Bn

≤ 1 + ρ(k0), 
 (2.10) ! 
ρ(2nk0) ≤ c

1
1−B

1 2
λ+A+1
1−B (1 + ρ(k0)) := M, n ≥ 0, (2.11)��
 ρ "-�!

ψ(2nk0) ≤
M

(2nk0)λ
. (2.12)1*� k ≥ k0, �� k′ ∈ [k0, 2k0), n ≥ 0, 8! k = 2nk′, �� 2nk0 ≤ k < 2n+1k0. �[ ψ ;�,L�
 (2.12) !

ψ(k) ≤ ψ(2nk0) ≤
M

(2nk0)λ
=

2λM

(2n+1k0)λ
≤

2λM

kλ
,�� (2.2) 1 c̄1 = 2λM �	, �& λ, M <

 (2.8) O (2.11) -�.

ii) 3 B = C = 1, τ 
 (2.4) -�. 1� s = 0, 1, 2, . . ., 3 ks = k0 + τs
D

D−A , � {ks} [(�qÆ, " ks+1 − ks = τ [(s+ 1)
D

D−A − s
D

D−A ]. 
N�D9!
ks+1 − ks = τ

[

D

D −A
s

A
D−A +

AD

(D −A)2
ξ

2A−D
D−A

]

≥
τD

D −A
s

A
D−A , (2.13)�& ξ ?�z%g (s, s + 1). � (2.1) && B = C = 1, k = ks, h = ks+1, 
 (2.13) ! �

s ∈ N
+ = {1, 2, . . .} 6,

ψ(ks+1) ≤ c1
[k0 + τ(s + 1)

D
D−A ]Aψ(ks) + ψ(ks)

( τD
D−A

)Ds
AD

D−A

≤ 2c1
[k0 + 1 + τ(2s)

D
D−A ]Aψ(ks)

( τD
D−A

)Ds
AD

D−A

. (2.14)
 (2.4) ! s ∈ N
+ 6,

k0 + 1 ≤ τ < τ(2s)
D

D−A ,
2c1(2

1+ D
D−A τ)A

( τD
D−A

)D
≤

1

e
.
 (2.14) O2B�$9!

ψ(ks+1) ≤
2c1(2τ(2s)

D
D−A )A

( τD
D−A

)Ds
AD

D−A

ψ(ks) =
2c1(2

1+ D
D−A τ)A

( τD
D−A

)D
ψ(ks) ≤

1

e
ψ(ks).
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ψ(ks) ≤

1

es−1
ψ(k1), ∀ s ∈ N

+.� (2.1) && h = k1, k = k0 ! 
ψ(k1) ≤

c12
1+A

τD−A
ψ(k0).�[ c12

1+A

τD−A ≤ 1
e
, L�

ψ(k1) ≤
1

e
ψ(k0).�;

ψ(ks) ≤
1

es
ψ(k0), ∀ s ∈ N

+.2B�$91 s = 0 ��	. *� k ≥ k0, �� s ∈ {0, 1, 2, . . . , }, 8!
k0 + τs

D
D−A ≤ k < k0 + τ(s + 1)

D
D−A .{� ψ(k) ;�, Æ

ψ(k) ≤ ψ(k0 + τs
D

D−A ) = ψ(ks) ≤ e−sψ(k0) ≤ ψ(k0)e
1−(

k−k0
τ

)
D−A

D
.

iii) 1 B > C > 1, F- L ≥ max{1, 2k0} (
�V� L − k0 ≥ L
2 ), 8! ψ(L) ≤ 1. �1�4 , �[� (2.1) &}s� h = L, k = k0, �� A < D ! 

ψ(L) ≤ c1
LAψ(k0)

B + ψ(k0)
C

(L− k0)D
≤ c1

2LA(1 + ψ(k0))
B

(L − k0)D
≤ c1

21+D(1 + ψ(k0))
B

LD−A
,�|, /

LD−A ≥ c12
1+D(1 + ψ(k0))

B , (2.15)�Æ ψ(L) ≤ 1.& k̃i = 2L(1 − 2−i−1), i = 0, 1, 2, . . . . b( k0 = L ≤ k̃i < 2L, {k̃i} (�, " limi→+∞ k̃i =

2L. � (2.1) && k = k̃i, h = k̃i+1. 3
xi = ψ(k̃i), xi+1 = ψ(k̃i+1),+� 

h− k = k̃i+1 − k̃i = L2−i−1, xi = ψ(k̃i) ≤ ψ(L) ≤ 1,L�1 i = 0, 1, 2, . . .,

xi+1 ≤ c1
[2L(1 − 2−i−2)]AxB

i + xC
i

(L2−i−1)D

≤ 2c1
[2L(1 − 2−i−2)]A

(L2−i−1)D
xC

i ≤ c1
2A+D+1(2D)i

LD−A
xC

i .�� (2.7) 1
C̄ =

c12
A+D+1

LD−A
, M = 2D, β = C > 1�	. 
�� 2.2 �, �

x0 = ψ(k̃0) = ψ(L) ≤

(

c12
A+D+1

LD−A

)− 1
C−1

(2D)
− 1

(C−1)2 (2.16)
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lim

i→+∞
xi = lim

i→+∞
ψ(k̃i) = 0. (2.17)+� 
 (2.17) }!

ψ(2L) = 0.a�F� (2.16) �	, Æ
�'- L "&!. (2.16) $f�
ψ(L) ≤ c

− 1
C−1

1 2
−A+D+1

C−1 − D

(C−1)2 L
D−A
C−1 . (2.18)� (2.1) && k = k0, h = L ≥ max{1, 2k0}, ! 

ψ(L) ≤ c1
LAψ(k0)

B + ψ(k0)
C

(L− k0)D
≤

2c1L
A(1 + ψ(k0))

B

(L− k0)D

≤
2D+1c1L

A(1 + ψ(k0))
B

LD
=

2D+1c1(1 + ψ(k0))
B

LD−A
./ ψ(L) ≤ 1,

L ≥ max{1, 2k0}, (2.19)

2D+1c1(1 + ψ(k0))
B

LD−A
≤ c

− 1
C−1

1 2
−A+D+1

C−1 − D

(C−1)2 L
D−A
C−1 ,�Æ (2.18). 2B�$9$f�

c
C

C−1

1 (1 + ψ(k0))
B2

D+1+ A+D+1
C−1 + D

(C−1)2 ≤ L
(D−A)C

C−1 . (2.20)

(2.6) ; (2.15), (2.19), (2.20) "�<Rj. �� 2.1 ��.+� , ��� 2.1 & i) "��&& h = 2k. 
�� (2.1) && h = 2k, Æ� c2 �Q c1, _
ψ(2k) ≤ c2

(2k)Aψ(k)B + ψ(k)C

kD
, ∀ k ≥ k0. (2.21)g 2.3 3 (2.1) �	. & h = 2k ! (2.21) 1 c2 = c1 �	. _
 (2.1) }V� (2.21).g 2.4 /k (2.1) QW[ (2.21), ��� 2.1 &" i) �	.	m�a"�<{� (2.21) O (2.1) "G`. _�O�a�"^P: (2.21) ;=
 (2.1) 0?X�;��-, _�T"#�Æ�T"��. _�B�a�"1A+.g 2.5 � C < B < 1 6, (2.1) ⇔ (2.21).dL “⇒” i+ 2.3.

“⇐” 3 (2.21) �	. {� h > k ≥ k0. <a��'#l: �� n ≥ 1 8! 2n+1k ≥ h > 2nkO 2k ≥ h > k.NX 1 �� n ≥ 1�8! 2n+1k ≥ h > 2nk.�[ ψ (h, L� ψ(h) ≤ ψ(2nk) = ψ(2(2n−1k)); +� n ≥ 1, L� 2n−1k ≥ k ≥ k0, �
(2.21) &� 2n−1k �Q k, ! 

ψ(2(2n−1k)) ≤ c2
(2nk)A[ψ(2n−1k)]B + [ψ(2n−1k)]C

(2n−1k)D
≤ c2

hA[ψ(2n−1k)]B + [ψ(2n−1k)]C

(2n−1k)D
.�[ 2n−1k≥k,L�
 ψ"�+n! ψ(2n−1k)≤ψ(k);�| [ψ(2n−1k)]B ≤ [ψ(k)]B , [ψ(2n−1k)]C

≤ [ψ(k)]C . 
 2n+1k ≥ h ! (2n+1 − 1)k ≥ h− k, ��
2n−1k =

2n+1k

4
≥

(2n+1 − 1)k

4
≥
h− k

4
,
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ψ(h) ≤ ψ(2nk) = ψ(2(2n−1k)) ≤ c2

hA[ψ(2n−1k)]B + [ψ(2n−1k)]C

(2n−1k)D

≤ 4Dc2
hA[ψ(k)]B + [ψ(k)]C

(h− k)D
.NX 2 2k ≥ h > k.��+ 2.4 O�� 2.1 &" i) }! (2.2). �� (2.2) O ψ (h!

ψ(h) ≤ ψ(k) = [ψ(k)]B [ψ(k)]1−B ≤ [ψ(k)]B
[

c̄1

(

1

k

)

D−A
1−B

]1−B

= c̄1−B
1 kA[ψ(k)]B

(

1

k

)D

.�[ 2k ≥ h, L� k ≥ h− k, ( 1
k
)D ≤ (1h− k)D, �;

ψ(h) ≤
c̄1−B
1 hA[ψ(k)]B

(h− k)D
≤ c̄1−B

1

hA[ψ(k)]B + [ψ(k)]C

(h− k)D
.02�'#l! (2.1) 1 c1 = max{4Dc2; c̄

1−B
1 } �	. ��.g 2.6 � B = C = 1 6, Æ

(2.1) : (2.21).NC
ψ(k) = e−(lnk)2 , k ∈ [1,+∞) (2.22)�2 k0 = 1, B = C = 1, c2 = 1

2 ln 2 , D = 2 ln 2 O*�" 0 < A < 2 ln 2 6" (2.21), �1
B = C = 1, 1*�s�"1A�C D > A > 0 O c1 > 0, .��2 (2.1).dL & ψ - (2.22). 1*� k ≥ 1,

ψ(2k) = e−[ln(2k)]2 = e−(ln 2+ln k)2 = e−(ln k)2−2 ln k ln 2−(ln 2)2

= e−(lnk)2e−2 ln k ln 2−(ln 2)2 = ψ(k)e−(ln 2)(2 ln k+ln 2)

= ψ(k)e−(ln 2)[ln(2k2)] = ψ(k)eln(2k2)− ln 2

= ψ(k)(2k2)− ln 2

= ψ(k)

(

1

2k2

)ln 2

≤
1

2ln 2

(2k)Aψ(k) + ψ(k)

k2 ln 2
.�F� (2.21) 1 k0 = 1, B = C = 1, c2 = 1

2 ln 2 , D = 2 ln 2 O*�" 0 < A < 2 ln 2 �	.a���� B = C = 1 6, (2.1) 91*�s�"1A�C D > A > 0 O c1 > 0 .��	:�7�6, -L (2.1) 9�	, �
�� 2.1 &" ii) }! (2.3), � (+� ψ(k0) = ψ(1) = 1) ���AQ<"��� c1, A,D "�C τ , �	
ψ(k) ≤ e1−( k−1

τ )
D−A

D

, ∀ k ∈ [1,+∞).�_ e−(ln k)2 ≤ e1−( k−1
τ )

D−A
D

, �� 1 ≤ e1−( k−1
τ )

D−A
D +(ln k)2 , �29��	, �[

lim
k→+∞

1 −

(

k − 1

τ

)

D−A
D

+ (ln k)2 = −∞.��.
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� 9g 2.7 � B > C > 1 6,

(2.1) : (2.21).NC
ψ(k) = e−kp

, p = log2(2C), k ∈ [1,+∞) (2.23)�2 B > C > 1, c2 = 1, *� D > A > 0 O<�" k0 = k0(D,C) ≥ 1 6" (2.21), �1*�s�"IA�C B > C > 1, D > A > 0, c1 > 0, .��2 (2.1).dL & ψ - (2.23). �[ 2p = 2C, L�
ψ(2k) = e−(2k)p

= e−2pkp

= e−2Ckp

= (e−kp

)2C = (ψ(k))2C = (e−kp

)C (ψ(k))C
.�� k0 = k0(D,C) ≥ 1, 8!

(e−kp

)C ≤

(

1

k

)D

, ∀ k ∈ [k0,+∞).�
ψ(2k) = (e−kp

)C (ψ(k))
C
≤

(

1

k

)D

(ψ(k))
C
,L� ψ �2 B > C > 1, c2 = 1, *� D > A > 0 O<�" k0 = k0(D,C) ≥ 1 6" (2.21). a�1*�s�"IA�C B > C > 1, D > A > 0, c1 > 0, ψ .��2 (2.1). :72, / ψ �2

(2.1), �
�� 2.1 &" iii) }! (2.5), _��<�" L ≥ 0, 8!
ψ(2L) = 0,��*� k ∈ [1,+∞) 6 ψ(k) > 0 �2. ��.

3 [?_a	mX�& 1 m�\O�"^P.=H 3.1 3 f ∈M r(Ω), r = n
p
, u [ I � W

1,q
0 (Ω) ~g&"�A[i, ��� λ > 0, 8! eλ|u|1−αp′

∈ L1(Ω).dL -℄ [2, -�6.3] "��, 1 I "[i u ∈ W
1,q
0 (Ω), � (1.9) && v = Tk(u) =

min{−k,max{k, u}}, ! 1*� k > 0,
∫

Ak

a(x, u)j(∇u)dx ≤

∫

Ak

fGk(u)dx,�&
Ak = {x ∈ Ω : |u(x)| ≥ k}, Gk(u) = u− Tk(u).
r [2, -�6.3] "��M�,   a�"�$9: 1*� h > k ≥ 1,

|Ah| ≤
c

(h− k)q∗
[|Ak|

(p−1− q
r
+ q

n
) q∗

q(p−1) k
αpq∗

p−1 + |Ak|
(q−1− q

r
+ q

n
) q∗

q[p(1−α)−1] ]

≤
c

(h− k)q∗
[|Ak|

(p−1− q
r
+ q

n
) q∗

q(p−1) h
αpq∗

p−1 + |Ak|
(q−1− q

r
+ q

n
) q∗

q[p(1−α)−1] ],
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ψ(k) = |Ak|, c1 = c, A =

αpq∗

p− 1
, B =

(

p− 1 −
q

r
+
q

n

) q∗

q(p− 1)
,

C =
(

q − 1 −
q

r
+
q

n

) q∗

q[p(1 − α) − 1]
, D = q∗, k0 = 1.	��� 2.1: +� 
 (1.4) }! A < D./ r = n

p
, � B = C = 1. ���� 2.1 &" ii) ! , ���C τ 8!1*� k ≥ 1,

|{|u| ≥ k}| ≤ |{|u| ≥ 1}|e1−(k−1
τ )

D−A
D

≤ |Ω|e1−( k−1
τ )1−αp′

= |Ω|ee−21+1−αp′

λ(k−1)1−αp′

,�� 21+1−αp′

λ =
(

1
τ

)1−αp′

, "8�
 D−A
D

= 1 − αp′. 
29, / k ≥ 2, �
|{eλ|u|1−αp′

≥ eλk1−αp′

}| = |{|u| ≥ k} ≤ |Ω|ee−21+1−αp′

λ(k−1)1−αp′

≤ |Ω|ee−21+1−αp′

λ( k
2 )1−αp′

= |Ω|ee−2λk1−αp′

.3 k̃ = eλk1−αp′

, �Æ
|{eλ|u|1−αp′

≥ k̃}| ≤
|Ω|e

k̃2
, ∀ k̃ ≥ eλ21−αp′

.��,* [1, ��3.11], _ g ∈ Lr(Ω), r ≥ 1 "�}Rj;
∞
∑

k=1

kr−1|{|g| ≥ k}| < +∞.29& g = eλ|u|1−αp′

, r = 1. �[
∞
∑

k̃=1+[eλ21−αp′

]

|{eλ|u|1−αp′

≥ k̃}| ≤ |Ω|e

∞
∑

k̃=1+[eλ21−αp′

]

1

k̃2
< +∞,L� eλ|u|1−αp′

∈ L1(Ω). ��. 8 F U W
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